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The local tree-width of a graph G=(V,E) is the function ltwG :N→N that associates with
every r∈N the maximal tree-width of an r-neighborhood in G. Our main graph theoretic
result is a decomposition theorem for graphs with excluded minors, which says that such
graphs can be decomposed into trees of graphs of almost bounded local tree-width.

As an application of this theorem, we show that a number of combinatorial optimiza-
tion problems, such asMinimum Vertex Cover,Minimum Dominating Set, andMax-

imum Independent Set have a polynomial time approximation scheme when restricted
to a class of graphs with an excluded minor.

1. Introduction

Tree-width, measuring the similarity of a graph with a tree, has turned out
a to be an important notion both in structural graph theory and in the
theory of graph algorithms. It is well known that planar graphs may have
arbitrarily large tree-width. However, for every fixed d the class of planar
graphs of diameter at most d has bounded tree-width. In other words, the
tree-width of a planar graph can be bounded by a function of the diameter of
the graph. This makes it possible to decompose planar graps into families of
graphs of small tree-width in an orderly way. Such decompositions of planar
graphs, better known under the name outerplanar decompositions, have been
explored in various algorithmic settings [5,8,13,11]. The main ideas go back
to a fundamental article of Baker [5] on approximation algorithms on planar
graphs.
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The local tree-width of a graphG=(V,E) is the function ltwG :N→N that
associates with every r ∈ N the maximal tree-width of an r-neighborhood
in G. More formally, we define the r-neighborhood Nr(v) of a vertex v ∈V
to be the set of all w∈V of distance at most r from v, and we let 〈Nr(v)〉
denote the subgraph induced by G on Nr(v). Then, denoting the tree-width
of a graph H by tw(H), we let

ltwG(r) := max
{

tw
(
〈Nr(v)〉

) ∣∣∣ v ∈ V
}
.

We are mainly interested in classes of graphs of bounded local tree-width,
that is, classes C for which there is a function f : N → N such that for all
G ∈ C and r ∈ N we have ltwG(r) ≤ f(r). The class of planar graphs is an
example. It has been observed by Eppstein [8] that if a class C is closed un-
der taking minors and has bounded local tree-width (Eppstein calls this the
“diameter-treewidth property”), then the graphs in C admit a decomposition
into graphs of small tree-width in the style of the outerplanar decomposition
of planar graphs, and the planar-graph algorithms based on this decompo-
sition generalize to graphs in C. Eppstein [9] gave a nice characterization of
such classes; he proved that a minor closed class C of graphs has bounded
local tree-width if, and only if, it does not contain all apex graphs.

The main graph-theoretic result of this paper, Theorem 13, can be
phrased as follows: Let C be a minor closed class of graphs that does not
contain all graphs. Then all graphs in C can be decomposed into a tree of
graphs that, after removing a bounded number of vertices, have bounded
local tree-width. The proof of this result is based on a deep structural char-
acterization of graphs with excluded minors due to Robertson and Seymour
[19].

We defer the precise technical statement of our decomposition theorem
to Section 4 and turn to its applications now. In this paper, we focus on
approximation algorithms, but we shall also use the theorem to re-prove a
result of Alon, Seymour, and Thomas [2] that graphs G with an excluded
minor have tree-width O(

√
|G|).1

Actually, the main result of Alon, Seymour, and Thomas’s article is a sep-
arator theorem for graphs with an excluded minor, generalizing a well-known
separator theorem due to Lipton and Tarjan [14] for planar graphs. These
separator theorems have numerous algorithmic applications, among them a
polynomial time approximation scheme (PTAS) for the Maximum Inde-

pendent Set problem on planar graphs [15] and, more generally, classes of
graphs with an excluded minor [1].

1 We have observed this in discussions with Reinhard Diestel and Daniela Kühn.
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A different approach to approximation algorithms on planar graphs is
Baker’s [5] technique based on the outerplanar decomposition. It does not
only give another PTAS for Maximum Independent Set, but also for
other problems, such as Minimum Dominating Set, to which the technique
based on the separator theorem does not apply.

We can use our decomposition theorem to extend Baker’s approach to
arbitrary classes of graphs with an excluded minor. Our purpose here is to
explain the technique and not to give an extensive list of problems to which
it applies. We show in detail how to get a PTAS for Minimum Vertex

Cover on classes of graphs with an excluded minor and then explain how
this PTAS has to be modified to solve the problems Minimum Dominating

Set and Maximum Independent Set. It should be no problem for the
reader to apply the same technique to other optimization problems.

The paper is organized as follows: In Section 2 we fix our terminology and
recall a few basic facts about tree-decompositions of graphs. Local tree-width
is introduced in Section 3. In Section 4, we prove our decomposition theorem
for classes of graphs with an excluded minor. Approximation algorithms
are discussed in Section 5, and in Section 6 we briefly explain two other
applications of the decomposition theorem.

2. Preliminaries

The vertex set of a graph G is denoted by V G, the edge set by EG. Graphs
are always assumed to be finite, simple, and undirected. We write vw∈EG

to denote that there is an edge from v to w. For a subset X ⊆ V G, we let
〈X〉G denote the induced subgraph of G with vertex set X. We let G\X :=
〈V G \X〉G. For graphs G and H, we let G∪H := (V G∪V H ,EG∪EH). We
often omit the superscript G if G is clear from the context.
Kn denotes the complete graph with n vertices, and for an arbitrary set

X, KX denotes the complete graph with vertex set X. A vertex set X⊆V G

in a graph G is a clique if KX ⊆G. The clique number ω(G) of a graph G is
the maximal size of a clique in G. For a class C of graphs, we let ω(C) be the
maximum of the clique numbers of all graphs in C, or ∞, if this maximum
does not exist.

Note that if C is closed under taking subgraphs and is not the class of all
graphs, then ω(C) is finite.

2.1. Graph minors. A minor of a graph G is a graph H that can be
obtained from a subgraph of G by contracting edges; we write H � G to
denote that H is a minor of G.
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Note that H �G if, and only if, there is a mapping h : V H →Pow(V G)
such that 〈h(x)〉G is a connected subgraph of G for all x∈V H , h(x)∩h(y)=∅
for x �= y ∈ V H , and for every edge xy ∈EH there exists an edge uv ∈EG

such that u ∈ h(x),v ∈ h(y). We say that the mapping h witnesses H �G
and write h :H�G.

A class C is minor closed if, and only if, for all G∈C and H�G we have
H∈C. We call C non-trivial if it is not the class of all graphs.

A class C is H-free if H ��G for all G∈ C. We then call H an excluded
minor for C. Note that a class C of graphs has an excluded minor if, and only
if, there is an n≥1 such that C is Kn-free. Furthermore, this is equivalent to
saying that C is contained in some non-trivial minor closed class of graphs.

Robertson and Seymour’s [16] Graph Minor Theorem states that for ev-
ery minor closed class C of graphs there is a finite set F of graphs such
that

C = {G | ∀H ∈ F : H �� G}.

For a nice introduction to graph minor theory we refer the reader to the last
chapter of [6]; a recent survey is [20].

Tree-decompositions. In this paper, we assume trees to be directed from
the root to the leaves. If tu∈ET we call u a child of t and t the parent of u.
The root of a tree T is always denoted by rT .2

A tree-decomposition of a graph G is a pair (T,(Bt)t∈V T ), where T is a
tree and (Bt)t∈V T a family of subsets of V G such that

⋃
t∈V T 〈Bt〉G =G and

for every v ∈ V G the set {t | v ∈ Bt} is connected. The sets Bt are called
the blocks of the decomposition. The width of (T,(Bt)t∈V T ) is the number
max{|Bt| |t∈V T }−1. The tree-width of G, denoted by tw(G), is the minimal
width of a tree-decomposition of G.

The following lemma collects a few simple and well-known facts about
tree-decompositions:

Lemma 1.(1) Let (T,(Bt)t∈V T ) be a tree-decomposition of a graph G and
X⊆V G a clique. Then there is a t∈V T such that X⊆Bt.

(2) Let G,H be graphs such that V G∩V H is a clique in both G and H. Then
tw(G∪H)=max{tw(G),tw(H)}.

(3) Let G be a graph and X⊆V G. Then tw(G)≤tw(G\X)+ |X|.
(4) Let G,H be graphs such that H�G. Then tw(H)≤tw(G).

2 To have rooted directed trees instead of plain (undirected) trees is not relevant for the
graph theory, but convenient for the algorithms.
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Throughout this paper, for a tree-decomposition (T,(Bt)t∈V T ) and t ∈
T \{rT } with parent s we let At :=Bt∩Bs. We let ArT :=∅.

The adhesion of (T,(Bt)t∈V T ) is the number

ad(T, (Bt)t∈V T ) := max{|At| | t ∈ V T }.

The torso of (T,(Bt)t∈V T ) at t∈V T is the subgraph

[Bt] := 〈Bt〉G ∪KAt ∪
⋃

u child of t

KAu ,

or equivalently, the subgraph with vertex set Bt in which two vertices are
adjacent if, and only if, either they are adjacent in G or they both belong
to a block Bu with u �= t. (T,(Bt)t∈V T ) is a tree-decomposition of G over a
class B of graphs if all its torsos belong to B.

Note that the adhesion of a tree-decomposition over B is bounded by
ω(B). Moreover, it can be easily seen that if a graph has a tree-decomposition
over a minor-closed class B then it has a tree-decomposition over B of ad-
hesion at most ω(B)−1.

Path decompositions. A path-decomposition of a graph G is a tree de-
composition where the underlying tree is a path. Of course we can always
assume that the path P of a path decomposition (P,(Bp)p∈P ) has vertex set
V P ={1, . . . ,m}, for some m∈N, and that the vertices occur on P in their
natural order (that is, we have i(i+1)∈EP for 1≤ i<m).

Lemma 2. Let G,H be graphs and ({1, . . . ,m},(Bi)1≤i≤m) a path-
decomposition of H of width k. Let x1 . . .xm be a path in G such that
xi ∈ Bi for 1 ≤ i ≤ m and V G ∩ V H = {x1, . . . ,xm}. Then tw(G ∪H) ≤
(tw(G)+1)(k+1)−1.

Proof. Let (T,(Ct)t∈V T ) be a tree-decomposition of G. Then (T,(C ′
t)t∈V T )

with

C ′
t = Ct ∪

⋃
1≤i≤m,
xi∈Ct

Bi

is a tree-decomposition of G∪H. The size of the blocks C ′
t can easily be

bounded by (tw(G)+1)(k+1).
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3. Local tree-width

The distance dG(x,y) between two vertices x,y of a graph G is the length
of the shortest path in G from x to y. For r ≥ 1 and x ∈G we define the
r-neighborhood around x to be NG

r (x) :={y∈V G |dG(x,y)≤r}.

Definition 3.(1) The local tree-width of a graph G is the function ltwG :
N→N defined by

ltwG(r) := max
{
tw(〈NG

r (x)〉)
∣∣ x ∈ V G}

.

(2) A class C of graphs has bounded local tree-width if there is a function
f :N→N such that ltwG(r)≤f(r) for all G∈C, r∈N.
C has linear local tree-width if there is a λ∈R such that ltwG(r)≤λr for
all G∈C, r∈N.

Note that the local tree-width of a graph is not minor-monotone (that
is, H�G does not imply ltwH(r)≤ ltwG(r) for all r).

Example 4. Let G be a graph of tree-width at most k. Then ltwG(r)≤ k
for all r∈N.

Example 5. Let G be a graph of valence at most l, for an l ≥ 1. Then
ltwG(r)≤ l(l−1)r−1 for all r∈N.

The planar graph algorithms due to Baker and others that we mentioned
in the introduction are based on the following result:

Proposition 6 (Robertson and Seymour [17]). The class of planar
graphs has linear local tree-width. More precisely, for every planar graph G
and r≥1 we have ltwG(r)≤3r.

In this paper, a surface is a compact connected 2-manifold with (possibly
empty) boundary. The (orientable or non-orientable) genus of a surface S
is denoted by g(S). An embedding of a graph G in a surface S is a mapping
Π that associates distinct points of S with the vertices of G and internally
disjoint simple curves in S with the edges of G in such a way that for all
vertices v and edges e of G, Π(v) is not an interior point of the curve Π(e),
and Π(v) is an endpoint of Π(e) if, and only if, v is incident with e.

Proposition 7 (Eppstein [9]). Let S be a surface. Then the class of all
graphs embeddable in S has linear local tree-width. More precisely, there is
a constant c such that for all graphs G embeddable in S and for all r≥0 we
have ltwG(r)≤c ·g(S) ·r.
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In the next subsection, we prove an extension of Proposition 7 that forms
the bases of our decomposition theorem for graphs with excluded minors.

But before we do so, let us state another result due to Eppstein that
characterizes the minor closed classes of graphs of bounded local tree-width.
An apex graph is a graph G that has a vertex v ∈ V G such that G\{v} is
planar.

Theorem 8 (Eppstein [8,9]). Let C be a minor-closed class of graphs.
Then C has bounded local tree-width if, and only if, C does not contain all
apex graphs.

It is an interesting open problem whether there is a minor closed class of
graphs of bounded local tree-width that does not have linear (or polynomi-
ally bounded) local tree-width.

Almost embeddable graphs. Let S be a surface with non-empty bound-
ary. The boundary of S consists of finitely many connected components
C1, . . . ,Cκ, each of which is homeomorphic to the cycle S1.

We now define a graph G to be almost embeddable in S. Roughly, this
means that we can obtain G from a graph G0 embedded in S by attaching
at most κ graphs of path-width at most κ to G0 along the boundary cycles
C1, . . . ,Cκ in an orderly way.

This notion plays an important role in the structure theory of graphs
with excluded minors, to be outlined in the next subsection.

Definition 9. Let S be a surface with boundary cycles C1, . . . ,Cκ. A
graph G is almost embeddable in S if there are (possibly empty) subgraphs
G0, . . . ,Gκ of G such that

– G=G0∪ . . .∪Gκ,
– G0 has an embedding Π in S,
– G1, . . . ,Gκ are pairwise disjoint,
– for 1 ≤ i≤ κ, Gi has a path decomposition ({1, . . . ,mi},(Bi

j)1≤j≤mi) of
width at most κ,

– for 1 ≤ i ≤ κ there are vertices xi1, . . . ,x
i
mi

∈ V G0 such that xij ∈ Bi
j for

1≤j≤mi and V G0 ∩V Gi ={xi1, . . . ,ximi
},

– for 1≤ i≤κ, we have Π(V G0)∩Ci={Π(xi1), . . . ,Π(ximi
)}, and the points

Π(xi1), . . . ,Π(ximi
) appear on Ci in this order (either if we walk clockwise

or anti-clockwise).

Proposition 10. Let S be a surface. Then the class of all graphs almost
embeddable in S has linear local tree-width.
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Proof. Let G be a graph that is almost embeddable in S. We use the
notation of Definition 9. Let H0 be the graph obtained from G0 by adding
new vertices z1, . . . ,zκ, and edges (zi,xij), (xij ,x

i
j+1), and (xiκ,xi1), for 1≤ i≤

κ, 1≤j≤mi (see Figure 1). Clearly, H0 is still embeddable in S. For 1≤ i≤κ
we let Hi :=H0∪G1∪ . . .∪Gi.

Ci xi
1

G0

xi
2

xi
3

xi
5

xi
6

xi
4

H0

zi

Fig. 1. From G0 to H0

Let λ∈N such that for every graph G embedabble in S and every r∈N

we have ltwG(r) ≤ λr (such a λ exists by Proposition 7). For r ∈ N we let
f0(r) :=λr and, for i∈N, we let fi(r) :=(fi−1(r+1)+1)(κ+1)−1. Then fi
is a linear function for every i∈N.

By induction on i≥0 we shall prove that for every r∈N and x∈V Hi we
have

tw
(
〈NHi

r (x)〉
)
≤ fi(r).(1)

For i=0, this is immediate. So we assume that i≥1 and that we have proved
(1) for i−1.

For all x∈Hi, we either have NHi
r (x)⊆Hi−1, or NHi

r (x)⊆Gi, or NHi
r ∩

{xi1, . . . ,ximi
} �=∅.

If NHi
r (x)⊆V Hi−1 then tw

(
〈NHi

r (x)〉Hi
)
≤fi−1(r)≤fi(r).

If x∈ V Hi−1 and NHi
r (x) �⊆ V Hi−1 , then NHi

r−1(x)∩{xi1, . . . ,ximi
} �= ∅. By

the construction of H0, this implies zi ∈NHi−1
r (x) and thus {xi1, . . . ,ximi

}⊆
N

Hi−1

r+1 (x).
By Lemma 2 and the induction hypothesis we get

tw
(
〈NHi

r (x)〉Hi
)
≤ tw

(
〈NHi−1

r+1 (x) ∪ V Gi〉Hi
)

≤ (fi−1(r + 1) + 1)(κ + 1) − 1 = fi(r).
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If x∈V Gi , then NHi
r (x)∩V Hi−1 ⊆NHi−1

r+1 (zi). Thus by Lemma 2 and the
induction hypothesis we have

tw
(
〈NHi

r (x)〉Hi
)
≤ tw

(
〈NHi−1

r+1 (zi) ∪ V Gi〉Hi
)

≤ (fi−1(r + 1) + 1)(κ + 1) − 1 = fi(r).

Recall that local tree-width is not minor-monotone. However, we do have

H ⊆ G =⇒ ltwH ≤ ltwG.(2)

Proposition 11. Let S be a surface. Then the class of all minors of graphs
almost embeddable in S has linear local tree-width.

Proof. Recall the proof of Proposition 10. We use the same notation here.
Suppose G′ is a minor of G. We can assume that G′ is a subgraph of a graph
G′′ obtained from G only by contracting edges. Because of (2) we can even
assume that G′=G′′.

Let X = {xij | 1 ≤ i ≤ κ,1 ≤ j ≤ mi}. Contracting edges with at least
one endpoint not in X is unproblematic, because the resulting graph is still
almost embeddable in S.

So we can further assume that G′ is obtained from G by contracting edges
e1, . . . , en with both endpoints in X. Let H :=Hκ (the graph obtained from
G by adding the vertices zi and corresponding edges as in Figure 1). Let H ′

be the graph obtained from H by contracting e1, . . . ,en, and let h :H ′ �H
witness these edge contractions.

The key observation is that for all x,y ∈ V H′
and u ∈ h(x),v ∈ h(y) we

have

dH(u, v) ≤ dH
′
(x, y) + 3κ− 1(3)

(no matter how large n is). To see this, let P ′ be a shortest path from x to
y in H ′. Let P be a path from u to v in H such that P ′ is obtained from P
by contracting the edges e1, . . . ,en. Let us call such an edge an (i,j)-edge if
it connects a vertex in {xi1, . . . ,ximi

} with a vertex in {xj1, . . . ,xjmj
}. Suppose

that P =w1 . . .wr. For 1 ≤ i≤ κ, let ws and wt, where 1 ≤ s≤ t≤ r, be the
first and last vertex from {xi1, . . . ,ximi

} on P . If s<t we replace the interval
ws . . .wt in P by wsziwt. Doing this for 1 ≤ i≤ κ we obtain a new path Q
from u to v in H. This path Q contains at most 2κ edges that are not on
P and no (i, i)-edges. Furthermore, for 1 ≤ i < j ≤ n the number of (i,j)-
edges on Q is at most (κ−1). To see this, assume that Q contains at least
κ such edges. Then there would be a “cycle” i= i1, i2, . . . , il = i such that for
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1≤j<l, Q contains an (ij , ij+1)-edge. However, this cycle would have been
removed while transforming P to Q.

Hence length(Q)≤ length(P ′)+3κ−1, which proves (3).

(3) implies that for all r≥0, x∈V H′
, and u∈h(x) we have

〈NH′
r (x)〉 � 〈NH

r+3κ−1(u)〉.(4)

To see this, let y ∈ NH′
r (x). Then for all v ∈ h(y), by (3) we have v ∈

NH
r+3κ−1(u). Thus h(NH′

r (x))⊆Pow(NH
r+3κ−1(u)). Therefore the restriction

of h to NH′
r (x) witnesses 〈NH′

r (x)〉�〈NH
r+3κ−1(u)〉. This proves (4).

By (1) and (4) we get tw(〈NH′
r (x)〉) ≤ fκ(r+ 3κ−1). The statement of

the lemma follows.

4. Graphs with excluded minors

The following deep structure theorem for Kn-free graphs plays a central role
in the proof of the Graph Minor Theorem. For a surface S and µ ∈ N we
let A(S,µ) be the class of all graphs G such that there is an X ⊆V G with
‖X‖≤µ such that G\X is almost embeddable in S.

Theorem 12 (Robertson and Seymour [19]). For every n ∈ N there
exist µ ∈ N and surfaces S,S′ such that all Kn-free graphs have a tree-
decomposition over A(S,µ)∪A(S′,µ).

Further details concerning this theorem can be found in [7,20,19].
For λ,µ≥0 we let

L(λ) :=
{
G

∣∣ ∀H � G ∀r ≥ 0 : ltwH(r) ≤ λ · r
}
,

L(λ, µ) :=
{
G

∣∣∣ ∃X ⊆ V G :
(
‖X‖ ≤ µ ∧G \X ∈ L(λ)

)}
.

Note that L(λ,µ) is minor closed and that ω(L(λ,µ)) = λ+µ+ 1. Thus a
tree-decomposition over L(λ,µ) has adhesion at most λ+µ+1.

Theorem 13. Let C be a class of graphs with an excluded minor. Then
there exist λ,µ ∈ N such that all G ∈ C have a tree-decomposition over
L(λ,µ).

Proof. This follows immediately from Theorem 12 and Proposition 11.

For algorithmic applications we have in mind, Theorem 13 alone is not
enough; we also have to compute a tree-decomposition of a given graph
over L(λ,µ). Fortunately, Robertson and Seymour have proved another deep
result that helps us with this task:
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Theorem 14 (Robertson and Seymour [18]). Every minor closed class
of graphs has a polynomial time membership test.

Lemma 15. Let C be a minor closed class of graphs.
Then there is a polynomial time algorithm that computes, given a

graph G, a tree-decomposition of G over C, or rejects G if no such tree-
decomposition exists.

Proof. Note that the class T of all graphs that have a tree-decomposition
over C is minor closed. Thus by Theorem 14 we have polynomial time mem-
bership tests for both C and T .

Without loss of generality, we can assume that C is not the class of
all graphs. Thus the clique number ω := ω(C) is finite. Recall that every
tree-decomposition over C has adhesion at most ω. Our algorithm uses the
following observation to recursively construct a tree-decomposition of the
input graph G:

G∈T if, and only if, G∈C or there is a set X⊆V G such that |X|≤ω,
G\X has at least two connected components, and for all components
C of G\X we have 〈X∪C〉G∪KX ∈T .

We omit the details.

In particular, we are going to apply this result to the minor closed classes
L(λ,µ).

5. Approximation algorithms

Optimization problems. An NP-optimization problem is a tuple
(I,S,C,opt), consisting of a polynomial time decidable set I of instances,
a mapping S that associates a non-empty set S(x) of solutions with each
x ∈ I such that the binary relation {(x,y) | y ∈ S(x)} is polynomial time
computable and there is a k ∈ N such that for all x ∈ I, y ∈ S(x) we
have ‖y‖ ≤ ‖x‖k, a polynomial time computable cost (or value) function
C :{(x,y) |x∈I,y∈S(x)}→N, and a goal opt∈{min,max}.

Given an x∈I, we want to find a y∈S(x) such that

C(x, y) = opt(x) := opt{C(x, z) | z ∈ S(x)}.

Let x∈I and ε>0. A solution y∈S(x) for x is ε-close if

(1 − ε)opt(x) ≤ C(x, y) ≤ (1 + ε)opt(x).

A polynomial time approximation scheme (PTAS) for (I,S,C,opt) is a uni-
form family (Aε)ε>0 of approximation algorithms, where Aε is a polynomial
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time algorithm that, given an x ∈ I, computes an ε-close solution for x in
polynomial time. Uniformity means that there is an algorithm that, given
ε, computes Aε.

Note that no restrictions are made on the dependence of the runtime of
the algorithms Aε on ε. It can be very bad, and unfortunately it will be for
our algorithms.

The levels of graphs of bounded local tree-width. For graph G, a
vertex v∈V G, and integers j≥ i≥0 we let

LG
v [i, j] := {w ∈ V G | i ≤ dG(v,w) ≤ j}.

To keep the notation uniform, we are actually going to write LG
v [i,j] for

arbitrary i,j ∈ Z, with the understanding that LG
v [i,j] := ∅ for i > j and

LG
v [i,j] :=LG

v [0, j] for i≤0.

Lemma 16. Let λ∈N. Then for all G∈L(λ), v∈V G, and i,j∈Z with i≤j
we have tw

(
〈LG

v [i,j]〉
)
≤λ ·(j− i+1).

Proof. First note that LG
v [1, j] ⊆ LG

v [0, j] = NG
j (v), thus the claim holds

for i ≤ 1. For i ≥ 2, consider the minor H of G obtained by contracting
the connected subgraph 〈LG

v [0, i− 1]〉 to a single vertex v′. Then we have
LG

v [i,j]⊆NH
j−i+1(v′), and the claim follows.

Minimum vertex cover. Instances of Minimum Vertex Cover are
graphs G, solutions are sets X⊆V G such that for every edge vw∈EG either
v∈X or w∈X (such sets X are called vertex covers), the cost function is
defined by C(G,X) := |X|, and the goal is min.

Lemma 17 (Arnborg, Lagergren, Seese [3]).
For every k≥ 1, the restriction of Minimum Vertex Cover to instances
of tree-width at most k is solvable in linear time.

Theorem 18. Let C be a class of graphs with an excluded minor. Then the
restriction of Minimum Vertex Cover to instances in C has a PTAS.

Proof. Applying Theorem 13, we choose λ,µ∈N such that every G∈C has
a tree-decomposition over L(λ,µ). Let ε>0; we shall describe a polynomial
time algorithm that, given a graph G ∈ C, computes an ε-close solution
for Minimum Vertex Cover on G. Uniformity will be clear from our
description. Let k=�1

ε  and note that k+1
k ≤(1+ε).

In a first step, let us prove that the restriction of Minimum Vertex

Cover to instances in L(λ) has a PTAS.



LOCAL TREE-WIDTH, EXCLUDED MINORS AND ALGORITHMS 625

Let G ∈ L(λ) and v ∈ V G arbitrary. For 1 ≤ i ≤ k and j ≥ 0 we let
Lij :=LG

v [(j−1)k+ i,jk+ i]. By Lemma 16, tw(〈Lij〉)≤λ(k+1).
For 1 ≤ i ≤ k, j ≥ 0 let Xij be a minimal vertex cover of 〈Lij〉. We let

Xi :=
⋃

j≥0Xij . ThenXi is a vertex cover of G. Let Xmin be a minimal vertex
cover for G. We have |Xij |≤|Xmin∩Lij|, because Xmin∩Lij is also a vertex
cover of 〈Lij〉. Hence

k∑
i=1

|Xi| ≤
k∑

i=1

∑
j≥0

|Xij | ≤
k∑

i=1

∑
j≥0

|Lij ∩Xmin| ≤ (k + 1)|Xmin|.

The last inequality follows from the fact that every v ∈ V G is contained in
at most (k+1) sets Lij.

Choose m,1≤m≤k such that |Xm|=min{|X1|, . . . , |Xk|}. Then

|Xm| ≤ k + 1
k

|Xmin| ≤ (1 + ε)|Xmin|.

Since the Xij can be computed in polynomial time by Lemma 17, Xm can
also be computed in polynomial time.

In a second step, we show how to extend this approximation algorithm
to classes L(λ,µ) for λ,µ≥0. Let G∈L(λ,µ) and U⊆V G such that |U |≤µ
and H :=G\U ∈L(λ,0). The following extension of Lemma 17 can be proved
by standard dynamic programming techniques (cf. [3]):

Lemma 19. For every k≥0, the following problem can be solved in linear
time: Given a graph G, a subset U ⊆ V G such that tw(G \U) ≤ k, and a
subset Y ⊆U , compute a set X⊆V G \U of minimal order such that X ∪Y
is a vertex cover of G, if such a set exists, or reject otherwise.

For every Y ⊆U we shall compute an X(Y ) ∈ Pow(V G \U)∪{⊥} such
that either X(Y )∪Y is a vertex cover of G and

|X(Y )| ≤ (1 + ε) min{|X| | X ⊆ V G \ U,X ∪ Y vertex cover of G},

or X(Y ) :=⊥ if no such X(Y ) exists. Using Lemma 19 instead of Lemma 17,
we can do this analogously to the first step.

Then we choose a Y0 ⊆ U such that |X(Y0) ∪ Y0| is minimal. Here we
define ⊥∪Z :=⊥ for all Z and |⊥| :=∞. Then clearly X(Y0)∪Y0 is an ε-close
solution for Minimum Vertex Cover on G. Moreover, since |U |≤µ, there
are at most 2µ sets Y ⊆ U , so X(Y0)∪Y0 can be computed in polynomial
time (remember that µ is a constant only depending on the class C).

In the third step, we extend our PTAS to graphs that have a tree-
decomposition over L(λ,µ), i.e. to all graphs in C.
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So let G be such a graph. We first compute a tree-decomposition
(T,(Bt)t∈V T ) of G over L(λ,µ). Remember that by Lemma 15 this is pos-
sible in polynomial time. Recall that rT denotes the root of T and that,
for every t ∈ V T with parent u, we let At =Bt∩Bu. For every t ∈ V T , we
let St be the subtree of T with root t, that is, the subtree with vertex set
{s |t occurs on the path from s to rT }. We let Ct :=

⋃
s∈St

Bt.
Inductively from the leaves to the root, for every node t ∈ V T and for

every Y ⊆At we compute an X(t,Y )∈Pow(Ct \At)∪{⊥} such that either
X(t,Y )∪Y is a vertex cover of 〈Ct〉 and

|X(t, Y )| ≤ (1 + ε) min{|X| | X ∪ Y vertex cover of 〈Ct〉},

or X(t,Y ) :=⊥ if no such vertex set exists. Since a tree-decomposition over
L(λ,µ) has adhesion at most λ+µ+1 we have |At|≤λ+µ+1, thus for every
t∈V T we have to compute at most 2λ+µ+1 sets X(t,Y ). For the root rT we
have ArT =∅ and 〈CrT 〉=G, so X(rT ,∅) is an ε-close solution for Minimum

Vertex Cover on G.
Suppose that t ∈ V T and that for every child t′ of T we have already

computed the family X(t′, ·). Let U⊆Bt such that |U |≤µ and [Bt]\U ∈L(λ).
Let W :=U∪At and let Z⊆W . Let Xmin(Z)∈Pow(Ct\W )∪{⊥} be a vertex
set of minimal order such that Xmin(Z) ∪Z is a vertex cover of 〈Ct〉, or
X(Z) :=⊥ if no such vertex set exists.

We show how to compute an X(Z)∈Pow(Ct\W )∪{⊥} such that X(Z)∪Z
is a vertex cover of 〈Ct〉 and |X(Z)| ≤ (1+ ε)|Xmin(Z)|, if Xmin(Z) �=⊥, or
X(Z) = ⊥ otherwise. Then for every Y ⊆ At we choose a Z ⊆ W such
that Y ⊆ Z with minimal |X(Z) ∪ (Z \ Y )| (among all Z ⊇ Y ) and let
X(t,Y ) :=X(Z). Note that, since |U |≤µ, for every Y we have to compute
at most 2µ sets X(Z) to determine X(t,Y ).

So let us fix a Z⊆W ; we show how to compute X(Z) in polynomial time.
If W =Bt we let X(Z) :=

⋃
t′ child of tX(t′,At′ ∩Z).

Otherwise, we choose an arbitrary v∈Bt \W . For 1≤ i≤k and j≥0 we
let Lij :=L[Bt]\W

v [(j−1)k+ i,jk+ i]. Then tw(〈Lij〉)≤λ(k+1). For 1≤ i≤k
and every child t′ of t there is at least one j ≥ 0 such that At′ \W ⊆ Lij,
because At′ induces a clique in [Bt]. Let j∗(i, t′) be the least such j and
L∗

ij :=Lij ∪
⋃

t′ child of t
j∗(i,t′)=j

Ct′ \At′ .

For every X⊆Lij we let

X∗ := X ∪
⋃

t′ child of t
j∗(i,t′)=j

X(t′, (X ∪ Z) ∩At′).
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We compute an Xij ⊆Lij with minimal |X∗
ij | such that Xij ∪Z is a vertex

cover of 〈Lij ∪W 〉 if such a vertex cover exists, and Xij = ⊥ otherwise.
The usual dynamic programming techniques on graphs of bounded tree-
width show that each Xij can be computed in linear time if the numbers
|X(t′,Y )| for the children t′ of t are given (cf. Lemmas 17 and 19 and [3]).
It is important here that every At′ \W is a clique in 〈Lij〉 and thus by
Lemma 1(1) completely contained in a block of every tree-decomposition of
〈Lij〉.

We let Xi :=
⋃

j≥0Xij and X∗
i :=

⋃
j≥0X

∗
ij. Then X∗

i ∪Z is a vertex cover
of 〈Ct〉, if such a vertex cover exists, and Xi = ⊥ otherwise. We choose an
i,1≤ i≤ k, such that |X∗

i |= min{|X∗
1 |, . . . , |X∗

k |} and let X(Z) :=X∗
i . Then

X(Z) can be computed in polynomial time.
Recall that Xmin :=Xmin(Z) ⊆ Ct \W is a vertex set of minimal order

such that Xmin ∪Z is a vertex cover of 〈Ct〉, if such a vertex cover exists,
and Xmin =⊥ otherwise. It remains to prove that |X(Z)|≤(1+ε)|Xmin|.

Recall that for every child t′ of t we have

|X(t′, (Xmin ∪ Z) ∩At′)| ≤ (1 + ε)|Xmin ∩ Ct′ \ At′ |.

Our construction of the Xij and X∗
ij guarantees that for 1≤ i≤ k,j ≥ 0 we

have

|X∗
ij | ≤ |Xmin ∩ Lij| +

∑
t′ child of t
j∗(i,t′)=j

|X(t′, (Xmin ∪ Z) ∩At′)|.

Then

k|X(Z)| ≤
k∑

i=1

|X∗
i |

=
k∑

i=1

∑
j≥0

|X∗
ij |

≤
k∑

i=1

∑
j≥0

(
|Xmin ∩ Lij| +

∑
t′ child of t
j∗(i,t′)=j

|X(t′, (Xmin ∪ Z) ∩At′)|
)

≤
k∑

i=1

∑
j≥0

(
|Xmin ∩ Lij| +

∑
t′ child of t
j∗(i,t′)=j

(1 + ε)|Xmin ∩ Ct′ \At′ |
)

≤(k + 1)|Xmin ∩Bt| + k(1 + ε)|Xmin ∩ Ct \Bt|.

This implies |X(Z)|≤(1+ε)Xmin.
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Minimum dominating set. Instances of Minimum Dominating Set are
graphs G, solutions are sets X ⊆ V G such that for every v ∈ V G \X there
is a w∈X such that vw∈EG (such sets X are called dominating sets), the
cost function is defined by C(G,X) := |X|, and the goal is min.

Theorem 20. Let C be a class of graphs with an excluded minor. Then the
restriction of Minimum Dominating Set to instances in C has a PTAS.

Proof. We proceed very similarly to the proof of Theorem 18, the analogous
result for Minimum Vertex Cover. Let λ,µ∈N such that every graph in
C has a tree-decomposition over L(λ,µ). Let ε>0 and k :=�2

ε  .
Again, in the first step we consider the restriction of the problem to input

graphs from L(λ). Given such a graph G, we choose an arbitrary v ∈ V G.
For 1 ≤ i ≤ k and j ≥ 0 we let Lij := LG

v [(j − 1)k + i− 1, jk + i]. Then
tw(〈Lij〉) ≤ λ(k+ 2). Note that Lij and Li(j+1) overlap in two consecutive
rows, which is different from the proof of Theorem 18. The interior of Lij

is the set L◦
ij :=LG

v [(j−1)k+ i,jk+ i−1].
For 1≤ i≤k,j≥0 we let Xij ⊆Lij be a vertex set of minimal order with

the following property:

(∗) For every w∈L◦
ij \Xij there is a x∈Xij such that (w,x)∈EG.

Then for 1≤ i≤k the set Xi :=
⋃

j≥0Xij is a dominating set of G. Let m be
such that |Xm|=min{|X1|, . . . , |Xk|}. Computing Xm amounts to solving a
variant of Minimum Dominating Set on instances of tree-width at most
λ(k+2); using the usual dynamic programming techniques, this can be done
in linear time.

Since for every dominating set X of G the set X∩Lij has property (∗) we
have Xij ≤X ∩Lij. Using this, we can argue as in the proof of Theorem 18
to show that Xm is an ε-close solution.

Adapting the second and third step of the proof of Theorem 18, it is
straightforward to extend this algorithm to arbitrary input graphs in C.

Maximum independent set. Instances of Maximum Independent Set

are graphs G, solutions are sets X⊆V G such that for all v,w∈X we have
vw �∈ EG (such sets X are called independent sets), the cost function is
defined by C(G,X) := |X|, and the goal is max.

Theorem 21. Let C be a class of graphs with an excluded minor. Then the
restriction of Maximum Independent Set to instances in C has a PTAS.

Proof. Again we proceed similarly to the proof of Theorem 18. Let λ,µ∈N

such that every graph in C has a tree-decomposition over L(λ,µ). Let ε>0
and k=�1

ε  .
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We describe how to treat input graphs in L(λ). Following the lines of the
proof of Theorem 18, the extension to arbitrary G ∈ C is straightforward.
Let G∈L(λ) and v∈V G. For 1≤ i≤k and j≥0 we let Lij :=LG

v [(j−1)k+
i,jk+i−2]. Then tw(〈Lij〉)≤λ(k−1). Note that there are no edges between
Lij and Li(j+1).

For 1≤ i≤k,j≥0 we let Xij be a maximal independent set of 〈Lij〉. Then
Xi :=

⋃
j≥0Xij is an independent set of G. Let 1≤m≤ k such that |Xm|=

max{|X1|, . . . , |Xk|}. Since the restriction of Maximum Independent Set

to graphs of bounded tree-width is solvable in linear time, such an Xm can
be computed in linear time.

Let Xmax be a maximum independent set of G. Then for 1≤ i≤k, j≥0
we have |Xij |≥|Xmax∩Lij|. Thus

k|Xm| ≥
k∑

i=1

|Xi| =
k∑

i=1

∑
j≥0

|Xij | ≥
k∑

i=1

∑
j≥0

|Xmax ∩ Lij| ≥ (k − 1)|Xmax|,

which implies that Xm≥ k−1
k |Xmax|≥(1−ε)|Xmax|.

Other problems. Our technique for extending approximation schemes
from planar graphs to classes of graphs with excluded minors is fairly gen-
eral. It is straightforward to apply it to a number of other problems that are
known to have polynomial time approximation schemes on planar graphs,
in particular to the other problems considered by Baker [5].

6. Other applications of Theorem 18

The tree-width of Kn-free graphs. We re-prove a theorem of Alon, Sey-
mour, and Thomas [2] that the tree-width of a Kn-free graph G is O(

√
|G|).

This is joint work with Reinhard Diestel and Daniela Kühn.
The technique used to prove the following lemma is the same as used in

the proof of the planar separator theorem of Lipton and Tarjan [14].

Lemma 22. Let λ∈N and G∈L(λ). Then tw(G)≤3
√
λ|G|.

Proof. Let v ∈ V G arbitrary and, for i≥ 0, Li := {w ∈ V G | dG(v,w) = i}.
Let m be maximal such that Lm is non-empty. We subdivide {1, . . . ,m} into
intervals I1,J1,I2, . . . ,Jl−1,Il,Jl such that for 1≤ i≤ l we have

– |Lj |≤
√
λ · |G| for all j∈Ii,

– |Lj |>
√
λ · |G| for all j∈Ji.
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For each i ≤ l, j ∈ Ii we define a path decomposition of (Pi,(Ci
k)k∈V Pi ) as

follows: Suppose that Ii = [xi,yi]. We let Pi be the path with vertex set
V Pi :={xi, . . . ,yi+1} and the natural successor relation as edge relation and
define the blocks by Ci

xi
:=Lxi , C

i
yi+1 =Lyi , and Ci

k =Lk−1∪Lk for xi+1≤k≤
yi. Since |Lj |≤

√
λ · |G| for every j∈Ii, the width of this decomposition is at

most 2
√
λ · |G|−1. Moreover, the first block |Ci

xi
| and the last block |Ci

yi+1|
have size at most

√
λ · |G|, and all edges out of the subgraph 〈⋃j∈Ii

Lj〉 go
either from Ci

xi
to Lxi−1 or from Ci

yi+1 to Lyi+1.

Since G∈L(λ) and the length of Ji is at most
√

|G|
λ , we have

tw
(〈 ⋃

j∈Ji

Lj

〉)
≤ ltwG

(√
|G|
λ

)
≤ λ ·

√
|G|
λ

=
√
λ · |G|.

Let (Ti,(Bi
t)t∈Ti) be a tree-decomposition of

〈⋃
j∈Ji

Lj
〉

of width at most√
λ · |G|.
We combine all these decompositions to a tree-decomposition (T,(Bt)t∈T )

of G as follows: The tree T is the disjoint union of all the paths Pi and the
trees Ti, connected by an edge from the first vertex xi of Pi to an arbitrary
vertex of Ti−1 (for 2≤ i≤ l) and an edge from the last vertex yi+1 of Pi to
an arbitrary vertex of Ti (for 1≤ i≤ l). For every i,1≤ i≤ l and t∈V Pi we
let Bt =Ci

t . For every i,1≤ i≤ l−1 and t∈V Ti we let

Bt = Bi
t ∪ Ci

yi+1 ∪Ci+1
xi
,

that is, we add the last block of the previous path and the first block of the
following path to all blocks of the tree-decomposition (Ti,(Bi

t)t∈Ti). More-
over, for every t∈V Tl we let Bt =Bl

t∪C l
yl+1

It is easy to verify that (T,(Bt)t∈T ) is a tree-decomposition of G of width
at most 3

√
λ|G|.

Corollary 23. Let λ,µ∈N and G∈L(λ,µ). Then tw(G)≤3
√
λ|G|+µ.

Corollary 24 (Alon, Seymour, Thomas [2]). Let G be Kn-free. Then
tw(G)≤O(

√
|G|).

Deciding first-order properties. Another algorithmic application of
Theorem 13 is given in [10]: It is proved that for every class C of graphs with
an excluded minor there is a constant c > 0 such that for every property
of graphs that is definable in first order logic there is an O(|G|c)-algorithm
deciding whether a given graph G∈C has this property. More consisely, this
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can be phrased as: On classes of graphs with an excluded minor, first-order
model-checking is fixed-parameter tractable.

For example, this implies that for every class C with an excluded mi-
nor there is a constant c such that for every graph H there is an O(|G|c)-
algorithm testing whether a given graph G∈ C has a subgraph isomorphic
to H.

7. Further research

We have never specified the exponents and coefficients of the polynomials
bounding the running times of our algorithms; they seem to be enormous. So
our algorithms are only of theoretical interest. The first important step to-
wards improving the algorithms would be a practically applicable algorithm
for computing tree-decompositions of graphs of small tree-width. On the
graph theoretic side, it would probably help to prove Theorem 13 directly
without using Robertson’s and Seymour’s Theorem 12.

The traveling salesman problem is another optimization problem that
has a PTAS on planar graphs [12,4]. It would be interesting to see if this
problem has a PTAS on class of graphs with an excluded minor.

Acknowledgements. I thank Reinhard Diestel, David Eppstein, and Jörg
Flum for helpful comments on earlier versions of this paper.

References

[1] N. Alon, P. Seymour and R. Thomas: A separator theorem for graphs with an
excluded minor and its applications, In Proceedings of the 21st ACM Symposium on
Theory of Computing, pages 293–299, 1990.

[2] N. Alon, P. Seymour and R. Thomas: A separator theorem for nonplanar graphs,
Journal of the American Mathematical Society 3 801–808, 1990.

[3] S. Arnborg, J. Lagergren and D. Seese: Easy problems for tree-decomposable
graphs, Journal of Algorithms 12 308–340, 1991.

[4] S. Arora, M. Grigni, D. Karger, Ph. Klein and A. Woloszyn: A polynomial-
time approximation scheme for weighted planar graph TSP, In Proceedings of the
Ninth Annual ACM-SIAM Symposium on Discrete Algorithms, pages 33–41, 1998.

[5] B. S. Baker: Approximation algorithms for NP-complete problems on planar graphs,
Journal of the ACM 41 153–180, 1994.

[6] R. Diestel: Graph Theory, Springer-Verlag, second edition, 2000.
[7] R. Diestel and R. Thomas: Excluding a countable clique, Journal of Combinatorial

Theory, Series B 76 41–76, 1999.
[8] D. Eppstein: Subgraph isomorphism in planar graphs and related problems, Journal

of Graph Algorithms and Applications 3 1–27, 1999.



632 M. GROHE: LOCAL TREE-WIDTH, EXCLUDED MINORS & ALGORITHMS

[9] D. Eppstein: Diameter and treewidth in minor-closed graph families, Algorithmica
27 275–291, 2000.

[10] J. Flum and M. Grohe: Fixed-parameter tractability, definability, and model check-
ing, SIAM Journal on Computing 31 113–145, 2001.

[11] M. Frick and M. Grohe: Deciding first-order properties of locally tree-
decomposable graphs, Journal of the ACM 48 1184–1206, 2001.

[12] M. Grigni, E. Koutsoupias and Ch. H. Papadimitriou: An approximation
scheme for planar graph TSP, In Proceedings of the 36th Annual IEEE Symposium
on Foundations of Computer Science, pages 640–645, 1995.

[13] S. Khanna and R. Motwani: Towards a syntactic characterization of PTAS, In
Proceedings of the 28th ACM Symposium on Theory of Computing, pages 329–337,
1996.

[14] R. J. Lipton and R. E. Tarjan: A separator theorem for planar graphs, SIAM
Journal on Applied Mathematics 36 177–189, 1979.

[15] R. J. Lipton and R. E. Tarjan: Applications of a planar separator theorem, SIAM
Journal on Computing 9 615–627, 1980.

[16] N. Robertson and P. D. Seymour: Graph minors XX. Wagner’s conjecture, Jour-
nal of Combinatorial Theory, Series B. To appear.

[17] N. Robertson and P. D. Seymour: Graph minors III. Planar tree-width, Journal
of Combinatorial Theory, Series B 36 49–64, 1984.

[18] N. Robertson and P. D. Seymour: Graph minors XIII. The disjoint paths problem,
Journal of Combinatorial Theory, Series B 63 65–110, 1995.

[19] N. Robertson and P. D. Seymour: Graph minors XVI. Excluding a non-planar
graph, Journal of Combinatorial Theory, Series B 77 1–27, 1999.

[20] R. Thomas: Recent excluded minor theorems, In J. D. Lamb and D. A. Preece,
editors, Surveys in Combinatorics, LMS Lecture Note Series. Cambridge University
Press, 1999.

Martin Grohe

Humboldt-Universität zu Berlin

Institut für Informatik

Unter den Linden 6

10099 Berlin

Germany

grohe@informatik.hu-berlin.de

mailto:grohe@informatik.hu-berlin.de

	Heading
	1. Introduction
	2. Preliminaries
	3. Local tree-width
	4. Graphs with excluded minors
	5. Approximation algorithms
	6. Other applications of Theorem 18
	7. Further research
	References

